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INTRODUCTION 
Let V be a real vector space of dimension IE + I equipped with a 
nonsingular quadratic form Q of type (p + I, q); i.e. in appropriate co- 
ordinates 
Ptl 
Q(x~,-x~+~, y, -.- y,)= 2 x; - c y;, n=p+q. 
i=l j= 1 
Consider the quadric {v E V 1 Q(U) = 1). The uninteresting casep = -1 when 
the quadric is empty is excluded throughout. The quadric has two 
components if p = 0, otherwise it has one component. Let Pq denote the 
component containing (1,O ... 0) and O(p f 1, q) the subgroup of the full 
group of Q-orthogonal transformations which preserve SpUq. Then Pq z 
O(p + 1, q)/O(p, q), where O(p, q) is the isotropy subgroup of O(p + I, q) 
at (1,O . . . 0). A classical problem in the theory of discontinuous groups is to 
classify subgroups r of O(p + 1, q) which act freely and properly discon- 
tinuously on Pp. The special cases 4 = 0 (spherical space forms) and p = 0 
(hyperbolic space forms) and p = 1 or q = 1 (relativistic space forms) have 
attracted a good deal of attention. The adjective pseudo-Riemannian will be 
reserved for the case of indefinite nondegenerate metric. Notice that 
S’*4 z SP x Rq if p > 0, and ,Pq zz Rq via the map (x, y) -+ (x/1x1, y), where 
x= (X,,...Jp+,X y= (Y, . , . y ), so I~,(F’.~) = 0 or Z accordingly as p # 1 
or p = 1. In any case let s’ PV4 denote the universal cover of Pq. The 
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differential geometric significance of ,!?P*q arises from the fact that Q lsP.q is a 
nondegenerate complete metric of type (p, q) and constant curvature 1 and 
hence ,!?‘p*q with the induced metric is the universal covering of all differen 
tiable manifolds admitting a complete metric of type (p, 4) and constant 
curvature 1, cf. [48, p. 3341. 
Throughout this paper a classical space form will mean fi.S”“, where I- is 
a subgroup of O(p t 1, q) acting properly discontinuously on S’**. The 
additional requirement that I- acts freely will be made only when necessary. 
A distinguishing feature of the pseudo-Riemannian case is that rhe isotropy 
subgroup =O(p, q) is noncompact; consequently a discrete subgroup of 
O(p + 1, q) does not automatically act properly discontinuously on Sp*q. This 
feature showed up dramatically in the work of [ 141 who showed that in the 
case p = 3, q = 1 only finite subgroups of 0(4, I) can act properly discon- 
tinuously on S3,‘. This work was extended by 1471, cf. also [48, Chap. 1 I ] 
who proved 
THEOREM. If p > q then only fide subgroups of O( p + 1. q) can aci 
properly discontinuously on Sps4. 
The following problems then become relevant: 
(1) When does rhere exist an infinite subgroup oj’ O(p + 1, q) which 
acts properly discontinuously on Spvq? 
(2) rf there exists an infinite subgroup of O(p i- I, q) acting properly 
discontinuously on SpUq does there exist a co-compact one meaning that the 
corresponding space form is compact? 
It will be shown that except for the restrictions pointed out in the above 
theorem of [47j there always exist infinite subgroups of O(p t 1, q) acting 
properly discontinuously on S paq, but not necessarily co-compact ones. On 
the first problem more precisely. here is a typical result. 
THEOREM. (1) I’ p < q then there exisf inykite subgroups of 
U( p + 1, q) acting properly discontinuously on Sp3y. 
(2) if p + 1 < q or vp + 1 = q is an even integer then there exist 
subgroups of O(p + 1, q) isomorphic to fundamental groups of orientable 
surfaces which act properly discontinuously on SD*” (cf. Theorem 5.7). 
In fact more complicated conditions on p, q, ensure the existence of more 
“interesting” infinite subgroups of O(p + 1. q) acting properly discon- 
tinuously on Spvq. 
The method of proof of this and similar results is based on constructions 
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of proper actions. Recall that a locally compact group G acting on a locally 
compact space X is said to act properly if for every compact subset C of X 
is compact in G, cf. (321, [25], or [ 10, Chaps. 3 and 41. From the viewpoint 
of transformation groups it is well known that compared with the actions of 
compact groups, the actions of noncompact groups are generally very 
irregular. Palais [32] advocates cogently that among all’ actions of 
noncompact groups the proper actions are closest “in spirit” to the actions of 
compact groups. Now these are precisely the actions which are also of 
paramount importance in all space form problems. This is due to the simple 
remark that a discrete subgroup of a properly acting group acts properly 
discontinuously.’ So in Theorem 5.7 stated above we construct proper Q- 
orthogonal actions of IR or SL,(lR) under appropriate conditions. To 
construct proper actions of large groups we use the following criterion for 
properness of an action. 
THEOREM 1.4. Let G be a connected Lie group. Let R be its radical and 
let S be a Levi complement of R in G. Let S = KAN be the Iwasawa decom- 
position of S. Suppose that K is compact. Then an action of G on a space is 
proper if the action restricted either to RA or to RN is proper. 
A brief summary of the paper: Section 1 deals with generalities on proper 
actions. In Section 2 two homological restrictions on the groups acting freely 
and properly discontinuously on S’ x IRQ are given. Since SRuq z Sp x IRp 
these restrictions hold a foriiori in the classical space form problem. One 
remarkable implication of these restrictions is that there are no compact 
space forms flPq with p, q odd cf. Corollary 2.10. Now let G be a 
subgroup of O(p + 1, q). Then V is called G - Q-indecomposable if V cannot 
be written as a Q-orthogonal direct sum of G-invariant proper subspaces. 
The lemma in Section 3 gives a useful reduction: let G c O(p + 1. q) and 
V= Oi Vi a Q-orthogonal decomposition into G - Q-indecomposable 
subspaces. Then G acts properly on Wq lfl it acts properly on Spvq n Vi for 
all i. A further study of G - Q-indecomposability is made in Section 4. These 
results are applied in Section 5 to study proper actions of reductive 
subgroups of O(p + 1, q). We show 
THEOREM 5.1, Let G be a connected noncompact reductive subgroup of 
O(p + 1, 4). Let KAN be the Iwasawa decomposition of G. Then G acts 
’ SD “properly discontinuous” should really stand for (1) the group is discrete and (2) it 
acts properly. Unfortunately in the standard literature (e.g., in 139, p. 871) “properly discon- 
tinuous” is often used for a weaker notion according to which the action is noi necessarily 
proper. 
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properly on Spuq if A acts freely on SpVq. Moreover if G acts properly on Spsq 
then dim A = 1. 
This theorem is used to construct several examples of proper actions and 
hence of space forms. 
In Sections 6 and 7 we construct compact space forms when Q is of type 
(2, 2r) or (4,4r). It appears that these are by far the most interesting space 
forms from a geometric viewpoint. The following result is of interest both 
from the point of view of space forms and from the point of view of 
geometry of three-dimensional manifolds. 
THEOREM 7.1. Let [ = (M, B, 5”) be a principal circle bundle where B is 
a paracompact sur-ace dtrerent from the sphere, the projective plane, the 
torus and the Klein bottle. Assume moreover that if B is closed then i is not 
a product bundle. Then M admits a complete metric of type (1, 2) and 
constant curvature 1. 
The compact families constructed in Section 6 are in fact extensions in 
higher dimensions of the family in Theorem 7.1. These space forms admit 
S’--respectively S3-actions if Q is of type (2,2r), respectively (4,4r), such 
that the orbit spaces of these actions are quotients of the unit ball in (r + l)- 
dimensional complex, respectively quaternionic, vector space by properly 
discontinuous groups of holomorphic, respectively, quaternionic, transfor- 
mations. Their topology is studied in Section 6 and in Appendix 2. In 
particular we have investigated the problem of existence of compact 
homology spheres among these space forms. 
Sections 8 and 9 deal with actions of unipotent subgroups and abelian 
subgroups of O(p + 1,q) on P’*4. In Section 8 we introduce the following 
notion. Let G c O( p + 1, q). Define the Q-index of G to be 
I t min{dim W 1 W = a G-invariant subspace of V 
such that Wn Pq # 0 ] 
It is shown that for a connected unipotent subgroup G of O( p + I, q) acting 
freely on Sp.q f the Q-index of G is d then dim G < max(d - 1, p). 
As a consequence one gets that there does not exist a unipotent subgroup 
I’ of 0( p + 1, q) acting properly discontinuously on Sp3q with compact 
quotient. 
Similarly, it is shown that no subgroup of O(p + 1, q) acting properly 
discontinuously on Pq contains a subgroup isomorphic to Z @ Z consisting 
of semisimple elements. In contrast to this result we exhibit two potentially 
large families of unipotent abelian subgroups of O(p + I, q) acting properly 
on Pq. For example, cf. Examples 9.4, let a(p) be the span (i.e., the 
maximal number of linearly independent nowhere vanishing vectorj?elds) of 
14 RAVI S. KULKARNI 
Sp. Then there exists a unipotent abelian subgroup z:IR~(~) of O(p + 1? q) 
acting properly on Sp-q. 
Before closing this introduction I would like to mention the following 
outstanding problem: do there exist compact pseudo-Riemannian space 
forms of signature different from (1, 2r) or (3,4r)? 
Notation. (1) Z = integers; L, = integers mod n; Ci! = rationals; 
IR = real numbers; @Z = complex numbers; IH = real quaternions. 
(2) Occassionally if a quadratic form is of type (p + 1. q) then 
S(V, Q) or simply S(Q) or even S will be used for Wq, where there is no 
possibility of confusion. Similarly O(Q) will be used occasionally for 
O(P + 17 q). 
I. PROPER ACTIONS 
First we fix some terminology. 
Let G be a topological group acting continuously on a topological space 
X; i.e., there is a homomorphism g-+ 8g of G into the group of 
homeomorphisms of X such that the map (g, x) + Bg(x) from G X X into X 
is continuous. Usually the reference to 8 will be omitted and we shall write 
gx for g(x). For a subset A of X let 
&l)={gEGIgAn~#0}. (1.1) 
Then G is said to act freeZy iff for every x E X, &(x) = e; properly iff for 
every compact subset C of X, I&(C) is a compact subset of G; properly 
discontinuously iff G is discrete and it acts properly on X. 
Let 0 be a topological group acting continuously on a topological space 
X. Let r be a subgroup of 0 acting properly discontinuously on X. Then 
r\X is called a space form ofX with respect to 0. If, moreover, r acts freely 
then IjX is called a strict space form with respect to 0. 
(Notice that we have not required in the definition of a space form that r 
acts freely. It appears convenient to do so. A small price to pay for this 
choice is that if X is a manifold then rw is not necessarily a manifold, but 
only a “V-manifold” as [36] calls it,) 
Now if 0 acts properly on X then any discrete subgroup r of 0 acts 
properly discontinuously on X. Such was the case in the “Riemannian” 
space form problems, in the thirory of automorphic functions, in the 
reduction theory of quadratic forms, in symplectic geometry, etc. In case 0 
does not act properly-as happens in the pesudo-Riemannian space form 
problems-the above discussion suggests the following principle: find large 
subgroups G of 0 which act proper@ on X and then construct discrete 
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subgroups of G. A good deal is known about constructions of discrete 
subgroups, cf. 1557,341, so our job will be to construct G’s, For such 
construction we mainly use a criterion for properness of action described in 
Theorem 1.4 below. It is based on some standard facts from Lie theory and 
the simple 
LEMMA 1.2. Let G be II topological group aciing on a topological space 
X. Assume that there exists a closed subset H and compact subsels K, , K, 
such that G = K, HK2 (i.e., each g E G can be written QS k, hk, vith ki E Ki, 
i := 1. 2. and h E H). Then G acts proper[lq ifs H does.;! 
ProoJ A closed subset of a proper family’ of mappings acts properly. So 
the “only if’ part is clear. Conversely suppose that N acts properly. It is 
elementary to see that properness of a G-action on a space X may be refor- 
mulated as follows: G acts properly on X iff given nets ix,), respectively 
( g, }, in X, respectively G, such that x, --) x,, and gnxR + yO, the net { g,} 
has a limit point in G. To show this in our case first write g, = k,,h, kzrt, 
ki, E Ki, i= I, 2, and h, E H. Since K:s are compact, by passing to a 
subnet if necessary we may assume that ki, + k, in Ki, i = 1, 2. Then 
h,x(k,,x,) = (k;,‘)(g,x,) -+ k,;‘~, and (k,,x,) + k,,x,. So since H acts 
properly (h,) has a limit point h, in H. So { g,} has a limit point k,,h,k,,. 
Q.E.D. 
COROLLARY 1.3. Let G be a iopological group acting continuously on a 
topological space X. Let H be a closed subgroup of G such that G/H is 
compact. Then G acts properly on X iff H does. 
Proof. Since G/H is compact one can write G = KH. where K is a 
compact subset of G. Now apply Lemma 1.2. Q.E.D. 
THEOREM 1.4. Let G be a connected Lie group. Let R be its radical and 
let S be a Levi complement of R in G. Let S = KAN be the Iwasawa decom- 
position of S (cf. [20, p, 2191. Suppose that K is compacl. Then an action of 
G on a space is proper iff the action restricted either to RA or to RN is 
proper. 
ProoJ It is well known that S = KAK, cf. 120, p. 2111, and also 
S= KNK. cf. 1241,” Theorem 5.1. So G= RS = RKAK= KRAK and 
similarly G = KRIVK. Now apply Lemma 1.2. Q.E.D. 
1 H is not assumed to be a group here. But note that definition of properness makes sense 
for any topologized family of mappings. In Lemma 1.2 H has the subspace topology. 
’ The author observed this only for semisimple groups of IFi ~ rank 1. The general reference 
was kindly provided by Harish Chandra. 
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Thus for example if G = GL,(lR) then RA is the set D of diagonal 
matrices. So GL,(lR) acts properly on a space iff D does. 
Remark 1.5. The condition in Theorem 1.4 that K is compact is satisfied 
iff the canonical map S + S, of S into its complexification has finite kernel, 
equivalently ifF S has a finite-dimensional representation with finite kernel. 
Some further remarks on properness of action are collected in Appendix 1. 
2. SOME HOMOLOG~CAL RESTRICTIONS 
Let r be an abstract group acting freely and properly discontinuously on 
Spsq. Then M = fi,SpUq is an n-dimensional manifold. For the classical space 
form problem we need r s O(p + 1, q) but this will not be included in the 
hypotheses until the need arises. In this section we derive certain connections 
relating the homology of M with that of r considered as an abstract group. 
For homological notions concerning abstract groups we follow [3X] or [4]. 
The Eilenberg-Maclane space K(T, 1) will be denoted by BT. Let R be a 
commutative ring with I # 0. The homological, respectively cohomological, 
dimension of r over R is denoted by hd, r, respectively cdR r. When R = Z 
the reference to R is omitted. Following [38, 1.81 we also define the virtual 
homological, respectively cohomological, dimension of I+ over R denoted by 
vhd,K respectively vcd,T, to be d if there exists a subgroup r’ in rof finite 
index such that hd, p = d, respectively cd, p = d. This is independent of the 
choice of r. Moreover if there exists a subgroup r’ of finite index in r such 
that cdF < co and the Euler characteristic x(p) is defined then we set 
x(T) =x(F))/[r : r], cf. [11,38,43]. The term “a Poincari complex of 
dimension n” will be used in the sense of [42]. Finally recall that given 
topological spaces Y, 2 one says that Y dominates Z if there exist 
continuous maps i: 2 + Y, r: Y+ Z such that r o i is homotopic to 1,. 
Now recall that Sppq x Sp x IRq, cf. the Introduction. 
THEOREM 2.1. Let r be a group acting proper+ discontinuously on Spsq. 
Let R be h commutative ring with 1 + 0. Suppose that vhd,r is finite. Let 
M=fjS p-4. Then vhd,r< q and it equals q iff M is compact. 
Proof: Let n = R[T] be the group ring with coeff’icients in R and A a A- 
module. The assertion of the theorem remains unaffected if r is replaced by a 
torsion-free subgroup of finite index. So we may assume that r is torsion-free 
and that it acts trivially on H,(Sp’q, R). So it acts freely on SpVq and also 
hd, r = N < 03. Consider the well-known spectral sequence corresponding to 
the covering Spsq + M, cf. [ 15, Chap. 16, Section 91. In this spectral 
sequence 
Ef+j = H,(T; Hj(Sp.q)). 
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Since r is assumed to act trivially on H*(Y’*(I; R) it follows easily that 
Efaj = H,(T; A) if j=Oorp 
=O otherwise. 
The only possibly nonzero differential in the spectral sequence is LIP+‘, so 
E2~E3= . . . zE”+’ and EL-2 1 Em. 
Our claim is that N < q. Suppose, if possible, that there exists an integer 
I> 4 and a /I-module A such that H,(P, A) # 0. Then Eg,t ’ # 0 and the dif- 
ferential 
must be surjective; for otherwise EC,+’ would be nonzero which would imply 
that H,+,(M: A) f 0, which is absurd since I + p > n = dim M. Hence 
El” 1 
I+p+ I.0 - Repeating 
,+,,,_~~~~~~“;~f~):=“,o. 1,2 
the process we get 
H ,,.., which contradicts that N < co. So 
N S 4. 
Next suppose that M is compact. Since r acts trivially on H,(Pq; R) we 
see that M is orientable over R and H,(M, R) # 0. This clearly implies that 
H,(T, R) # 0. So N= 9, Conversely suppose, if possible, that M is not 
compact but H,(P, A) # 0 for some n-module A. Then M has the homotopy 
type of a CW-complex of dimension <n - 1; hence H,(M:A) = 0. So the 
differential d:+ii+ t must be surjective. But then HP +ilt, (P, A) f 0. Repeating 
the argument we see that H,+.(,+,,(P, A) # 0, r= 0, I, 2 ,..., which is a 
contradiction as above. This finishes the proof. Q.E.D. 
Remark 2.2. The above argument is similar to the well-known argument 
concerning finite groups acting freely on S”; cf. 115, p. 3581. A closer look at 
the above argument also reveals 
and 
bj(M) < hi(T) + b,-,(r) with equality for i <p, 
qo s qw s b,(T) + 1, 
WI 
where !J;S denote the Betti numbers with coefficients in some fixed field. Also 
if H,(T; A) is finitely generated so is H,(M; A), where A is any r-module 
which is also regarded as a local coefficient system on M. 
Remark 2.3. Replacing homology by cohomology everywhere in the 
statement and the proof of the theorem we get a true statement. It is known 
that for any countable group r hd,T< cd,r,<hd,r+ 1, cf. [4, p. 601. A 
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point of interest in our case is that it cannot happen that hd,r= q - 1 and 
cd,T= q. 
Remark 2.4. If l-& O(p + I, q) such that r is either torsion-free or 
finitely generated then vhd,r< (p + l)q = the dimension of the symmetric 
space of O(p + 1, q), This statement is clear when r is torsion-free and it 
follows from [37] when r is finitely generated. In this connection we do not 
know if an abstract torsion-free group of infinite (co)homological dimension 
can act freely and properly discontinuously on SpTq. Notice that if such a 
group exists then for any subgroup r* of r we have hdP (or cdT’) either <q 
or =a~. This rules out the usual constructions of groups of infinite 
(co)homological dimension. 
Remark 2.5. Let r be as in Theorem 2.1 and assume rG O(p t 1, q). 
The possible finite subgroups of r acting freely on X are the same as the 
ones acting freely and orthogonally on Sp, cf. [48, p. 3361. 
Remark 2.6. Recently T, Farrell has constructed a cohomology theory 
for abstract groups with finite ucd. This theory generalizes the Tate 
cohomology theory for finite groups as described in 115. Chap. 12 ]. For 
Farrell’s theory see [ 121. From Brown’s more recent work it appears that 
many abstract groups with periodic Farrell cohomology can be constructed. 
We note that finitely generated subgroups of O(p + 1, q) acting freely and 
properly discontinuously on X are some examples “in nature” which have 
periodic Farrell cohomology. 
THEOREM 2.7. Let r act properly discontinuously on Sp*q. Let 
fiSp+q = M. Assume that vcd,r isJnite. 
(a) Suppose that either M or BT is dominated b-v a finite CW 
complex. Then x(M) and x(r) are defined and x(M) = x(Yq) a x(T), 
(b) Suppose that M is dominated by a Fnite CW-complex and r is 
torsion-free. Then BT is a Poincare’ complex of dimension r l@ M is a 
Poincare’ complex of dimension p + r. 
ProoJ (a) Suppose first that M is dominated by a finite complex. Let 
r be a subgroup of finite index in r and let M’ be the covering of M 
corresponding to J’. It is then not difficult to see that M’ is dominated by a 
finite complex and x(M’) = [r : F] X(M). N ow if x(P) is defined then x(T) is 
also defined and x(P) = [r : P] x(Q. So it suffices to show the assertion for 
the pair (M’,I”). In other words, by passing to a subgroup of finite index we 
may assume tha cdT is finite. Under this hypothesis [ 181 have shown that 
BT is homotopic to aflnite-dimensional C W-complex. Also r is now torsion- 
free and therefore acts freely on Sp*q. 
Now consider SPsq +n M as a principal r-bundle and let f: M + BT be the 
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classifying map of this bundle. Let F be the homotopy fiber off so that we 
have a fibration F +R MJBC The exact homotopjr sequence of this 
fibration shows that F is simply connected and xi(F) ++ n&V), i > 2, is an 
isomorphism. A standard property of a covering space readily shows that 
there exists a map h: F+ Spsq so that 
SP.4 
commutes. Since both 7~ and g induce isomorphisms on all the homotopy 
groups, except the first one, it follows that h induces isomorphism on all 
homotopy groups. Hence h is a homotopy equivalence. In other words SpVQ 
may be taken to be a homotopy fiber4 ofJ: 
So we have a fibration Spvq +II MJBT, where M is dominated by a finite 
complex. Sp%” is evidently homotopic to a finite complex and BT is finite 
dimensional. This is precisely the situation of 117, Lemma 3.5 1. Appealing to 
142-44, Theorem FJ, Edmonds shows that under these conditions BT is 
dominated by a finite complex. So all Euler characteristics are defined and 
the assertion follows. 
Next suppose that BT is dominated by a finite complex. Again in the 
fibration S’%” -+“M-fB the fiber is homotopic to a finite CW-complex and 
the base is dominated by a finite CW-complex. It is an exercise in homotopy 
theory that under these conditions M is dominated by a finite CM/-complex. 
The assertion follows as before. 
(b) Since r is assumed to be torsion-free and vcd;r is finite it follows 
by 138. Theorem 1, p. 951 that cd:r is finite. Then as in part (a) we get a 
fibration SPs9 +“M JB, where all spaces are dominated by finite CW- 
complexes. Under these conditions on an arbitrary fibration Quinn [33] has 
shown that M is a Poincari complex iff both Sp*q and B are, Now Sp*q is 
obviously a Poincarl complex (in fact homotopy Sp). So M is a Poincari: 
complex iff BT is. The assertion about dimensions is clear. Q.E.D. 
This result has some remarkable corollaries for the space form problem. 
Before considering them we note 
PROPOSITION 2.8. Let r E O(p + 1, q) act freely and properly discon- 
tinuously OR SpVq so that I-j.7 P+Q = M is compact; if dim X is even then 
XW) + 0. 
4 This argument clearly works for arbilrarv regular cotwings. This fact is certainly known. 
We have included it for the reader’s convenience as we could not find a ready reference for it. 
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Pro@ The Euler characteristic of a compact pseudo-Riemannian 
manifold can be computed by the Gauss-Bonnet formula. This is certainIy 
well known in the Riemannian case. For the extension to the pseudo- 
Riemannian see [2, 5, 161. Now in our case the curvature of M is a nonzero 
constant. It is readily seen that the Gauss-Bonnet integrand is also a 
nonzero constant. The assertion follows. Q.E.D. 
COROLLARY 2.9. Let r, M be as in Theorem 2.1. Suppose that M is 
dominated by a finite complex. Then ifp is odd we have x(M) = 0, and up is 
even >0, and r is torsion-free then x(M) is even. 
Proof: x(SpVq) is 0 or 2 accordingly as p is odd or p is even >O. Now 
apply (a) of Theorem 2.7, noting that a torsion-free group has an integral 
Euler characteristic, cf. [ 11, Section 3 ]. Q.E.D. 
COROLLARY 2.10. If p and q are odd there are no compact classical 
space forms with metrics of type (p, q). 
ProoJ Immediate from Proposition 2.8 and Corollary 2.9. Q.E.D. 
Digression 2.11. We note one extension of Theorem 2.7. Notice that the 
only properties of ,!Vq used in the proof of Theorem 2.7 are (1) For part (a) 
we need Spy4 to be homotopic to a finite CW-complex. (2) For part (b) we 
further need +!Yq to be a Poincare complex. Both of these properties hold in 
the “semiclassical” space form problem: namely, any homogeneous space 
G/H, where G is a Lie group, H is a closed subgroup of G and both G and H 
have finitely many components, has the homotopy type of a fmite Poincard 
complex-for, indeed if K, respectively L, is a maximal compact subgroup of 
G, respectively H, and K 3 L then K/L is a compact manifold and it is easy 
to see from the exact homotopy sequence of a tibration that K/L has the 
same homotopy as G/H, since the inclusions K c G. L c H are homotopy 
equivalences. 
Remark 2.12. In Appendix 2 we give an alternate proof of 
Corollary 2.10 and the consequences thereof. 
3. A LEMMA ON PROPER AcTtoNs ON Spqq 
Let V, Q, be as in the Introduction. The following lemma gives a useful 
reduction in studying proper actions of subgroups of O(p + I, q)on Spqq. For 
convenience write O(Q) for O(p + 1, q) and S for Sp*q. 
LEMMA 3. I. Let G be a subgroup of O(Q) and V = V, @ V, a Q- 
orthogonal decomposition into G-invariant proper subspaces. Let Si = Vi n S. 
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i = 1. 2. Then Si’s are G-invariant and G acts properly on S JT it acts 
proper@ elf Si, i = 1, 2. 
Proof It is clear that S:s are G-invariant. The action of a group acting 
properly on a space is proper on any invariant subspace. So if G acts 
properly on S then it also acts properly on S,‘s. Conversely, suppose that G 
acts properly on S,‘s. Let C be a compact subset of S. Let Qi = Q jvi. For 
each 1: E V let ui be its projection in Vi so that L! = u, + v, and Q(n) = 
QIW + Qdd. Let 
Cj = (x E C 1 Q,(xi) > $ }, i= 1,2. 
Since 
Q(x) = Q,(x,) + Qz(xz) = 1 
it follows that C = C, U C,. Let g E c,(C) so that there exists x f C such 
that g.~ E C. Then if x E Ci it is clear that gx E Cf. Hence 
i,(C) = MCI 1 LJ MC,). 
So it suffices to show that each [,(C,) is compact. Let pi: c’-, Vj be the Q- 
orthogonal projection and pj(Ci) = Cp, i= 1, 2. Then Cl is compact and 
clearly &(C,) is a closed subset of [,(Cu), i = 1, 2. Since G acts properly on 
S,‘s, [,(Cp)‘s are compact and so &(Ci)‘s are compact also. Q.E.D. 
4. Q-INDECOMPOSABILITY 
The lemma of Section 3 suggests the following notion. 
DEFINITION 4.1. Let G be a group acting linearly on a real vector space 
V leaving a nondegenerate quadratic form Q invariant. Then V is said to be 
a G ~ Q-indecomposable space if V is not a direct sum of proper, G- 
invariant, Q-orthogonal subspaces. 
A similar notion may be defined for a Lie algebra q acting on a real 
vector space V leaving a nondegenerate quadratic form Q invariant (in the 
sense of Lie algebras of course). Since they are essentially equivalent we 
concentrate on the group-case, which in fact is slightly more general. This 
notion appears implicitly in ] 131. By looking at our initial data, its possible 
usefulness was suggested to us by N. Wallach. 
It is obvious that given G, V, Q as in Definition 4.1 we can always write V 
as a Q-orthogonal direct sum V=Or v,, where V,‘s are G - Q- 
indecomposable subspaces of V. By a repeated use of Lemma 3.1 we can 
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decide properness of a G-action on S = S(Q) by restricting it to each of the 
S;s, where Si = S n Vi = S(Q IVi). 
We also note the following consequence of Theorem 2.1. 
PROPOSITLON 4.2. Let r be a subgroup of O( p t 1, 4) acting properlJ1 
discontinuously on Pq such that q > 0 and r\Sp7q is compact. Then V is 
r - Q-indecomposable. 
Prooj If r\P” is compact then r is finitely generated; hence 
vhd,r < M (cf. Remark 2.4); hence vhdir= 4 by Theorem 2.1. Suppose, if 
possible, that there exists a Q-orthogonal decomposition V= V, @ Vv, into 
proper r-invariant subspaces. Let (pi,qi) be the type QIVi, i= 1,2. Then 
q = q1 + q2. Let Si = S n Vi. If n: S + r\S is the canonical projection then 
si = li- +c(~~"\sJ). s0 r\sj 1s a closed subset of r\S, hence compact. Hence 
by Lemma 3.1 vhd,r= q1 = q2 = y, which is clearly a contradiction. Q.E.D. 
It is now important to understand the structure of a G - Q- 
indecomposable space. We note two types of G - Q-indecomposable spaces. 
Type 1. Y is G-indecomposable; i.e., V is not a direct sum of proper G- 
invariant subspaces. 
Type 2. Before describing this type we note the following construction. 
Let G act on vector space W, and so contragrediently on the dual space W* 
of W. Define a nondegenerate quadratic form Q, on Y = W + W* whose 
associated bilinear form Q; is given by 
Qb(w, + w:, WI + w:) 
= wT(w*) + $(w,), WiE w, wT E W*, i = 1,2. 
Clearly G preserves Q,. We call (V, Q,) a hyperbolic G-space. 
LEMMA 4.3, Let V = W t W* with the quadratic form Q,, be a hyper- 
bolic G-space. It is G - Q,-indecomposable lfl 
(a) W is G-indecomposable, and 
(b) W does 1201 admit a Gminvariant nondegenerate quadratic form. 
Proof. Suppose first that (V, Q,) is G - Q,-indecomposable. If W is G- 
decomposable, say W= W, + W,, where Wi are proper G-invariant 
subspaces, then W* = W: f WF and clearly Y = (W, + Wt) @ (W, + W,*) 
is a Q,-orthogonal direct sum which contradicts G - Q,-indecomposability 
of !? So (a) holds. Next suppose, if possible, that W admits a G-invariant 
nondegenerate quadratic form, say P. Consider U = W@ W with the 
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quadratic form Q = P 0 -P. The form P induces a canonical G-isomorphism 
IV-$ W*, namely,f(w,)(w,) = P(w, , ujz). Let F: U+ V be the map 
F is clearly a G-map and it is easily checked that F is an isometry of (U, Q) 
onto (C’. QJ. But then (V, Q,) would not be G - Q,-indecomposable. So (b) 
holds. 
Conversely, suppose that W satisfies (a} and (b). Suppose, if possible, that 
(V, Q,,) is not G ~ Q,-indecomposable, say P’= Oi V/, 1 < i < r. is a G- 
invariant sum of proper &,-orthogonal subspaces. It follows by the 
Krull-Schmidt theorem, cf. 121, p. 1561 that since V = W + ct’* and W and 
hence Cc/* are G-indecomposable. we must have r = 2 and then W is G- 
isomorphic to c’, or V?. But then W admits a G-invariant nondegenerate 
quadratic form which contradicts (b). Q.E.D. 
We have thus described two types of G - Q-indecomposable spaces. We 
now show that under quite general hypotheses on G every G - Q- 
indecomposable space is of type 1 or 2. To describe these we need some 
notation. Let G act on a finite-dimensional real vector space V. This action 
extends C-linearly to “P’= YBn, @. A character is homomorphism G+,’ 6*. 
Let e denote the trivial character. A character 1~ e is called a weight of G 
on V if 
‘VI= (uE’VIg~=d(g)ufora~l~EG}fO. 
If 1. is a weight, then “va is called the hfeight space wjfh M?eight 1, and 
“V-l = jr f “VI (g - J.(g))’ z’ = 0 for some i for every g E G}. 
is called the generalized weight space with weight i. A weight J is said to be 
nonsingular if there exists g E G such that In(g)1 # 1. 
THEOREM 4.4. Let G be a connected subgroup of O(Q) such thaf V is 
G - Q-indecomposable. Let R be a normal subgroup of G. Suppose that 
either G is complete1.v reducibfe or that R has a nonsingular weight an I’. 
Then (V. Q) is of type 1 or 2 as described above. 
ProoJ: Suppose first that G is completely reducible. Let V= xi Vi, 
I < i < r. be a direct sum decomposition into G-irreducible’ subspaces. If 
r = I there is nothing to prove. So Iet r > 2. Let U, be the nullspace of 
(V,, Q I,.!). Then U, is G-invariant. So U, = 0 or c’, . In the tirst case Q I1 L 
would be nondegenerate and Y would not be G - Q-indecomposable. So 
’ That is. there does not exist a proper G-invariant subspace. 
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U, = V,, i.e., Q I,,, = 0. Now there exists V,, i > 2, such that Q IV,+V,# 0 
since Q is nondegenerate, say Q 1 V,+ VL # 0. It then follows easily that Q (y,+VZ 
is nondegenerate, so V = V, + V,, and (V, Q) is isomorphic to a hyperbolic 
G-space (V, + v, Q,). Hence it is of type 2 by Lemma 4.3. 
Next consider the case when R has a nonsingular weight 1 on V. Let ‘Q be 
the @-linear extension of Q to cV. An element g of R is called generic if the 
generalized eigenspace cVA(s) is of least dimension. Clearly ‘V’ = ck’acn’ for a 
generic g. By standard arguments it then follows that if ,J is a weight so is 
A-‘, and ‘Q Icy~+cy~~ I is nondegenerate. Notice moreover that “V has a G- 
invariant conjugation, i.e., a conjugate linear isomorphism. So if A is a 
weight so is x and “V* + ‘VI has a “real form,” i.e., a subspace U(A) of V 
such that U(n) 0, @ = ‘V’ + ‘V’. Since I is nonsingular U(n) n U(A-‘) = 0 
and- Q laU) = 0 = Q (U(l-,) . Moreover ‘Q restricted to (‘V’ + ‘I+-‘) @ 
(‘V’ + ‘VA-‘) is nondegenerate. So Q ) U,I)+ U(J -,) is nondegenerate. Finally it 
is clear that U(J), U(1(12-‘) are R-invariant. It is not difficult to see’ that since 
R is normal in G and G is connected the spaces U(J), U(X ‘) are also G- 
invariant. Hence V= U(A) + U(l-‘) and (V, Q) is a hyperbolic G-space. It is 
of type 2 by Lemma 4.3. Q.E.D. 
Remark 4.5. A typical case not covered by the above proposition is 
when G is a unipotent subgroup of O(Q). We have been able to settle this 
case affirmatively only when dim G = 1. Indeed, let II be a nonzero element 
of the Lie algebra of G. Then a is nilpotent. By the Jacobson-Morosov 
theorem. cf. (22, p. 981, a is contained in a Lie subalgebra 5 of the Lie 
algebra o(Q) of O(Q) such that [= sl,(lR). Certainly (V, Q) is i-Q- 
indecomposable. Now the two types of sl,(iR) - Q-indecomposable spaces, 
using Theorem 4.4 and the standard facts about representations of sl,(lR), 
may be described as follows. 
Type 1. V is sf,(lR)-irreducible. Then dim V is odd. 
Type 2. (V, Q) = (W + W*, Q,,), where W is s&(R)-irreducible and 
dim W is even. 
It is not difficult to see that if (V, Q) is of type 1 (resp. type 2) then V 
(resp. W) is G-indecomposable. Hence Theorem 4,4 is valid also in this case. 
5. PROPER ACTIONS OF REDUCTIVE LIE GROUPS 
Let V, Q, S = S(Q), O(Q) = O(p + 1, q) be as in the Introduction. 
THEOREM 5.1. Let G be a noncompact connected reductive (i.e., 
completely reducible) subgroup of O(Q). 
*This is a slight extension of the Dynkin’s lemma. cf. [ 35, p. 221, which may be left to the 
reader. 
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Let KAN be the Iwasawa decomposition of G. Then G acts properly on S 
I# A acts free& on S. Moreover if G acts properly on 5’ then dim A = 1. 
Proof: Suppose that G acts properly on S. Then A being a closed 
subgroup of G also acts properly on S. So for each x E S the isotropy 
subgroup A, is compact, But A = IR’ has no proper compact subgroups, so 
A, = e; i.e., A acts freely. 
Conversely, suppose that A acts freely. Let V = Oi Vi be a decomposition 
of V into A - @indecomposable subspaces. Since A is completely reducible, 
abelian and split over R using Theorem 4.4 we see that dim Vi is 1 or 2. Let 
Si = Vi n S. If dim Vi = 1 then Si is empty (resp. consists of two points) if 
Q lc.i is negative (resp. positive) definite. If Si consists of two points then A 
manifestly cannot act freely on X. So if dim Vi = 1 then Q Iyi must be 
negative definite and Si must be empty. So A acts (vacuously) properly on 
Sj! Suppose that dim Vi = 2. Then Vi is an A-hyperbolic space and Si is a 
one-dimensional hyperbola. So since A acts freely dim A must be 1. But then 
each branch of Sj is just a copy of A considered as a homogeneous space, 
and the action of A on each branch is equivalent to the action of A on itself 
by left transIation which is manifestly proper. So A acts properly on Si. By 
Lemma 3.1, A acts properly on S. Hence by Theorem 1.4, G acts properly 
on s. Q.E.D. 
COROLLARY 5.2. Let G be a connected noncompact reductire Lie 
subgroup of O(Q) without compact factors so that G acts properly on S(Q). 
Then G is IocaIly isomorphic to one of the five groups 
(i) H. 
(ii) SO(r, I), r > 2, 
(iii) SU(r, l), r > 2, 
(iv) Sp(r, l), r 2 1, and 
(VI c4-2or.’ 
ProoJ This is a consequence of the classification of real semisimple Lie 
algebras and the condition dim A = 1 of Theorem 5.1 which is necessary for 
properness of G-action. For the classification see, e.g.. [20, p. 534, Table II]. 
While consulting this table we have to take into account the low-dimensional 
isomotphisms 
d?(n) z so(2. I) ;= su( 1. I), sU*(4) z sop, I), 
SO*(~) z su(3, 1) 
’ The notation is the one used by 120, Chap. IX 1. 
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and we have to exclude SO*(~)NNS~(~) x so(2, 1) since S@(4) has a 
compact factor. Q.E.D. 
We are now in a position to describe many not so obvious examples of 
proper actions of subgroups of O(Q) on S(Q) and consequently also 
examples of classical space forms. 
EXAMPLES 5.3. Let G be a connected reductive Lie subgroup of O(Q). 
Let G = KAN be its Iwasawa decomposition. Suppose that dim A = 1 and 
that G contains a subgroup Hz SL,(lR) such that the nontrivial central 
element of H acts as - l&. on V; then G acts properly on S(Q). 
(Typical case: G = Spin(r, I)? i.e., by definition the connected double cover 
of the connected component of the identity of SO(r, I), r > 2. Let V be a 
direct sum of irreducible faithful G-spaces such that Y admits a G-invariant 
nondegenerate quadratic form.) 
Proof: Since H contains a conjugate of A it suffices to show in view of 
Theorem 5.1 that H acts properly on X. Let V= Oi Vi be a decomposition 
into H - Q-indecomposable subspaces. The condition that the nontrivial 
central element of H acts as -1,. ensures that H acts faithftdly on each Vi. 
In particular, Vi cannot be odd dimensional and also not H-irreducible, for 
an even-dimensional H-irreducible space does not admit an H-invariant 
nondegenerate quadratic form. So (Vi, Q I,.!) is a hyperbolic H-space of 
dimension congruent to a mod4. As remarked above, by conjugating we 
may assume that A is contained in H. By the standard representation theory 
of SL,(lR) it is seen that A acts freely on Vi - {O) so a fortiori on 
S(Q) n Vi. Hence H acts properly on S(Q) by the previous theorem. Q.E.D. 
EXAMPLES 5.4. Let G be a connected reductive Lie subgroup of 
O(p + 1,~). Let G= KAN be its Iwasawa decomposition. Assume that G 
acts properly on S(Q) and that the weight spaces of A (cf. the remarks after 
Lemma4.3) are one dimensional. Let W be the kth symmetric power of V 
and let Qk be the nondegenerate quadratic form induced by Q. Let Y = 
S( W, (-l)kP’ Qk). Then the canonical induced action of G on Y is proper. 
(Typical case: G = SO(n, I), V= R”+’ with a metric of type (n: I).) 
Proof Let Y= V, @ {V, + VA ,) be the weight space decomposition of 
I/ with respect to A (cf. the discussion in Section 4 after Lemma 4.3). The 
proof of Theorem 5.1 shows that properness of G on X amounts to the 
negative definiteness of Q IV,. Let {ei) be an orthogonal basis of V, and (fA} 
respectively ifA-,}, a basis of V,, respectively VA-,. The fixed points of A in 
W are the subspace W, with an orthogonal base consisting of those k-fold 
symmetric products of ( ei, fn, f,-, } in which for each ;i the vectorsf, and 
PSEUDO-RIEMANNIAN SPACE FORMS 27 
fA-, occur the same number of times, A computation shows that the length of 
these basis vectors with respect to (-l)k-’ Qk is negative. So A acts freely 
on bY- IV,. in particular, on I’. Hence G acts properly on Y by 
Theorem 5.1. Q.E.D. 
EXAMPLES 5.5. G=SU(n, I), v=@“+’ equipped with Q = the real part 
of a hermitian form of type (n, I). Let W be the kth symmetric power of V 
(over C) with the quadratic form (-ljkP’ Qk, where Qk is the real part of the 
canonicallinduced hermitian form on W. The argument as in Examples 5.4 
shows that the action of G on I’= S( IV, (-I)“-’ Qk) is proper. 
Remark 5.6. The classification of proper actions of connected 
semisimple subgroups of O(p + 1, s) without compact factors on S(Q). will 
be published elsewhere. 
We already noted in the Introduction the necessary condition obtained by 
Wolf for the existence of pseudo-Riemannian space forms with infinite 
fundamental groups, namely, p < 4. We now show that this condition is also 
sufficient, and in fact if p + I < q or if p + 1 = q is even then there exist 
space forms with “interesting” (e.g., nonabelian-free) fundamental groups. 
T~JE~REM 5.7. Let V be a real vector space oJdimensiort IZ + 1 equipped 
with a nondegenerate quadratic form Q of type (p + 1, q) 
(a) rf p < q then there exists a subgroup G z F?, G s U(p + 1, q) 
which acls properly on Sp~q. 
(b) up+l<qor$ptl= q is elm [hen there exists a subgroup 
G s O(p + 1, q) locally isomorphic to XL,(R) which acts properly on Sp.q. 
ProoJ: (a) Express V as an orthogonal direct sum W@ {Oi Vi}, 
l<i<p+ 1, dimVi=2, dim W=q-p-l, such that QIVi is of type 
(1, 1) and Q lw is negative definite. In Vi choose coordinates (xi. yi) s-t. Q Ip.i 
is given by ~~~~~~ Consider R as the multiplicative group lR$ of positive reals. 
Let t E H: act trivially on W and by (xi, ri) F+ (txi, (l/r)~,) on Vi. Clearly 
this defines a group G z O(Q) which acts properly on S(Q lw) and each 
S[Q II,,), hence on S(Q) by the lemma of Section 3. 
(b) Suppose first that p + 1 <q and that p -t 1 is even. Express V as a 
@orthogonal direct sum wQ Oj vi, where dim W=q-p- 1, 
dim CJi E 0 mod 4. Q lw is negative definite and Q Iyi is of type (2k, 2k). This 
is possible since p i- 1 is even. Let G = Z,(R) act trivially on W and let Vi 
be made into a G - Q-indecomposable space. Let G = KAN be the Iwasawa 
decomposition. Since A acts freely on S(Q) n W (which is empty) and on 
each S(Q)n Vi it follows that G acts properly on S. 
Next suppose that p + 1 is odd but p + 1 < q. Express V as a Q- 
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orthogonal direct sum’ W@ lJ, where dim W = 4 - p - 2, dim U = Zp + 3, 
Q iw is negative definite and Q lo. is of type (p + 1,~ + 2). Let G act trivially 
on W and let U be made into a G - Q-indecomposable space. Again as 
above we see that G acts properly on S. Q.E.D. 
Remarks 5.8. Curiously the above result distinguishes the case 
p + 1 = q, where p t 1 is odd. Indeed the structure of Z,(R) -Q- 
indecomposable spaces shows that in this case a subgroup of O(p + 1. q) 
locally isomorphic to SL,(iR) (and hence any semisimple subgroup of 
O(p + 1, q)) does not act properly on P4. On the other hand a group Z 
generated by a single &potent transformation also does not act properly on 
X. For we can write such a transformation as exp A, where A is a nilpotent 
element of o(p + 1, q), where o(p + 1, q) is the Lie algebra of O(p + 1, q). 
The group (exp A) is co-compact in N= (exp tA 1 t E R). So if (exp A) acts 
properly so does N by Corollary 1.3. On the other hand by the Jacob- 
son-Morosov theorem, cf. [22, p. 981, N is contained in a subgroup G of 
O(p + 1, q) which is locally isomorphic to ,X,((R) so that N is the “w’-part 
of an Iwasawa decomposition of G. So by Theorem 1.4 if N acts properly so 
would G, We noted above that the latter is impossible. 
6. Two REMARKABLE FAMILIES OF COMPACT 
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Now we turn to the more interesting and subtler problem mentioned in the 
Introduction, namely, the existence of compact space forms. One necessary 
condition for the existence of such forms was found in Corollary 2.10. It is 
unlikely that this condition is also sufficient. But to decide this, is a major 
unsolved problem of this work. In this and the next section we describe the 
main examples of the compact space forms which we have found, and study 
their topology. 
Throughout this section iF stands for one of the (possibly noncom- 
mutative) fields, C = the complex numbers or IH = the real quaternions. 
Equip F with its standard norm. Let IF* denote the multiplicative group of 
F - {O} and let K be the maximal compact subgroup of ff *. Then K consists 
of elements of norm 1. 
THEOREM 6.1. There exist strict compact complete pseudo-Riemannian 
space forms of constant curuature 1 and metrics of type (1, 2r) or (3,4r). 
’ If q + 1 is large, clearly some other suitable decompositions could also be given. 
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Proof. Let Y be a real vector space of dimension 2r + 2. respectively 
4r + 4, equipped with a nondegenerate quadratic form Q of type (2, 2r), 
respectively (4,4r). Let W be a iFvector space of dimension Y + I over F 
equipped with a nondegenerate hermitian. respectively quaternionic 
hermitian, form H of type (1, r) for IF = C, respectively IH. Let W, denote 
the underlying real vector space. Then clearly Re H = the real part of H is a 
nondegenerate quadratic form of type (2,2r), respectively (4.4r), for F = C, 
respectively IH. SO (u’,., Re H) may be identified with (V, Q}. 
It will be convenient to define an H-isornetry to be a bijection f: V-+ V 
such that H(f(u),f[v)) =H(v. ti) for all o E Y and that f maps each IMine 
onto an F-line preserving orientation. Let I/(H) denote the full group of H- 
isometries. Under some fixed identification of (IV,:. Re H) with (Y, Q). U(H) 
acts on V and clearly U(H) G O(Q). We claim 
(a) The isotropy group at a point x E. S(Q) of U(H) is compact. 
(b) U(H) is transitive on S(Q). 
Proof of (a). Let M’ E W with H(w) = 1. The complement T of IFw in W 
is an K-subspace of F-dimension Y and HIT. is negative definite. On the other 
hand H l iv is positive definite. Hence U(H jr.) and U(H I!,) are compact and 
the isotropy subgroup of U(H) at u’ is a quotient of U(H 1,) x U(H I:,). 
Hence this isotropy group is compact. 
Proof of (b). Fix u’ E S(Q). Then H(w) = 1 and Q IT,,, = Re N IYIL. is 
positive definite. Hence S(Q) n Fw = S’, respectively S3, according as 
‘F = C, respectively IH, and under the canonical embedding of K in U(H), 
c1earIy K is transitive on S(Q) n Fw. So U(H)wn S(Q) contains 
S(Q) n rrv. But U(H) is well known to be transitive on the set of if-lines 1 in 
W such that H I1 is positive definite. Also each x E S(Q) is contained in 
some IF-line 1 with H II positive definite. It follows that U(H) is transitive on 
S(Q)- 
It is now well known that U(H) contains discrete co-compact torsion-free 
subgroups. This fact is due to Siegel.’ U(H) acts properly on S(Q). Hence a 
discrete, torsion-free subgroup r of U(H) acts properly discontinuously and 
freely on S(Q). If r is further co-compact then by (b) r”\S(Q) is compact. 
Q.E.D. 
Remark 6.2. The geometry of these examples is particularly interesting. 
Fix x0 E S(Q). Let I be the isotropy subgroup of U(H) at x,. As already 
observed K is canonically embedded in U(H). We see immediately that 
In K = (e) and I commutes with K. Consider U(N)/I . K. For F = @ this is 
the well-known model space CT for complex Klhler hyperbolic geometry. 
* Siegel’s result itself is a special case of a much more general result by 181 and indepen 
dcntly by (31) combined with 1371, cf. also (71. 
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For F = IH this space, which again for convenience we denote by &“, must be 
called the model space for “quaternionic” hyperbolic geometry. For a sense 
in which it is “quaternionic” see [49]. A different notion, more general but 
less Riemann-geometric, of a “quaternionic” space was introduced by the 
author, cf. [28, Section 31. Then .X is quaternionic in that sense also. In any 
case S(Q) is a principal K-bundle over SF. 
Let ‘U = U(H) f7 GL,( IV), where GL,,(JV) denotes the full group of all 
invertible F-linear” transformations (Thus U= ‘lJ if IF = C, but U = ‘lJ . K, 
‘Uf’ K = L/(2), ‘11 and K commute if F = IH. The proof of the latter fact is 
elementary but somewhat ticklish and will be left to the reader.) Let Z be the 
center of ‘U. (Thus Z = S’ if F = C but Z = z/(2) if F = IH.) Then ‘11/Z 
acts effectively and transitively on #- We call a space form of +Y with 
respect to “U/Z a complex, respectively quaternionic, hyperbolic space form 
depending on the case and the adjectives “complex” or “quaternionic” are 
omitted when there is no possibility of confusion. Notice that if $P is a 
strict space form, then since CT is homeomorphic to an Euclidean space r is 
necessarily torsion-free. 
We now adopt the following: 
DEFINITION 6.3. If r is a discrete subgroup of “U then flS is called a 
special pseudo-Riemannian space form with metric of type (I. 2r) or (3,4r) 
depending on the case, Such a space form will be moreover called standard if 
r is torsion-free. 
Again we omit the adjective pseudo-Riemannian or a reference to the type 
of the metric when there is no possibility of confusion. 
THEOREM 6.4. (a) A special space form admits a canonical K-action 
with finite isotropy groups such that the orbit space is a hyperbolic space 
form. 
(b) A hyperbolic space form is the orbit space of the canonical K- 
action on some special space form. 
(c) A standard space form is a principal K-bundle over a strict hyper- 
bolic space form. 
(d j A strict hyperbolic space form 3 is the base space of a principal K- 
bundle whose total space is a standard space form i# a certain obstruction 
(defined below) is zero. The obstruction lies in N’(B, Z,,,) ly dim, B is 2r 
and F = @, and in H’(B, Z, j if dim, B is 4r and F = IH. 
(ej if the covering group of Q special space form is fkitely generated 
then it is.finitely covered b.v a standard space form. 
” For r = IH it is convenient to take W as a rlghwector space. 
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PraoJ: (a) Let M = aS be a special space form so that FE ‘U, Let f 
be the image of r under the canonical projection ‘CJ -+ “U/Z. Since OU and K 
commute in U(H) the action of K on S induces one on M. Let m be a point 
in M and let x be a point in S which lies over m. Then the isotropy subgroup 
of K on M at m is clearly 
K, = (k E K 1 kx = $Y for some i E r). 
This defines a map k ++ kx of K, onto Kx f’~ TX. This map is bijective since 
K acts freely on S. Since Kx is compact and TX discrete it follows that 
KS n FY and hence K, is finite. Finally M/K z nS/K z fiP is a hyper- 
bolic space form for since 2 is compact I- is discrete. 
(b) Let B = flP be a hyperbolic space form. If 11 = IY take r to be 
the inverse image of r under the canonical projection “U-r olJ/Z. Since 
Z=L* in this case it follows that r is a discrete subgroup of “U. If r = C 
then “CT= U(H). Let SU(H) be the subgroup of U(H) consisting of transfor- 
mations of determinant 1. It is easily seen that 2 w SU(H) = O(H), so 
sU(H)/Z n W(H) FZ ‘U/Z. Now zn SU{H) is finite; in fact, it is 
isomorphic to B,, , if dim,, B = 2r. Let r be the inverse image of r in 
SI!(H). Again f is a discrete subgroup of “I/. In either case it is clear that 
setting M = i?,S we get M/K = B. 
(c) Let M=flS b e a standard space form so that r is a discrete. 
torsion-free subgroup of ‘U. Since Z is compact it follows that Z n r= {e) 
and hence r is mapped isomorphically onto its image r in “U/Z. So r is 
torsion-free and B = AJ’ is a strict hyperbolic space form. Next let m, x, 
K,,, be chosen as in part (a). Then for k E K,, there exists 7 E r such that 
kx = 7.x. Suppose, if possible, K, f e. Then we may take k # e. Since both K 
and f7 act freely on S we have 7 f e. Since K and r commute we have k’x = 
kjjx = pkx = p*x, and similarly k3x = T’x,..., k% = p.x for all integers d. This 
is impossible since k is of finite order and y is of infinite order and both K 
and r’act freely on X. It follows that K actsfiee@ on M. Since K is compact 
it is a standard fact that M is a principal K-bundle on M/K = B, cf. 119 1. 
(d) Let B = r\P be a strict hyperbolic space form so that r is 
torsion-free. Let r be constructed as in part (b). Then we have a short exact 
sequence 
where A z 17,+] or Z, depending on the case. This extension defines an 
obstruction x in H*(J’. A) = H*(B, A). Then x = 0 iff the above extension 
splits, i.e., F contains a subgroup T, mapping isomorphically onto I-. The 
assertion is now clear. 
(e) Let M = n,~ be a special space form. If r is finitely generated it is 
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known from 1371 that r contains a torsion-free subgroup r1 of finite index 
then M, = r,\X is a standard space form which is a finite covering space of 
M. Q.E.D. 
Now let M be a compact standard space form with a metric of type 
(1, 2r). In this case K = S’ and M is a principal S’-bundle over B = M/K. 
Moreover E is a compact Klhler manifold of constant negative holomorphic 
sectional curvature. There is an interesting relationship among the 
cohomology of M and that of B which is noted in the following theorem. It 
is a special case of a relationship which holds for arbitrary compact Hodge 
manifolds which is probably known but does not seem to have appeared in 
print. Since the considerations involved are related but rather disconnected 
from the theme of this paper we prefer to postpone it until Appendix 2. We 
also discuss there the question: Can M be a homology sphere? 
THEOREM 6.5. Let M be u compact standard space form with a metric of 
type (1,2r) and M/K = B. Let b,(M), respectively pi(B), denote the ith Betti 
number of M with C coeflcients, respectively the dimension of the primitive 
part of the ith cohomology group of 3. Then 
&@fl = P,(B), i < r, 
= Pzr+k-m i > r. 
7. REMARKABLE THREE-DIMENSIONAL LORENTZ SPACE FORMS 
We continue with the notation of the last section. For the moment we 
consider the case when Q is of type (2, 2r). In this case the induced metric 
on S = S(Q) is of type (1, 2r). i.e., by definition, a Lorentz merit. The 
special feature of this case is due to the fact that in this case S is 
homeomorphic to IR” X S’; hence n,(X) = L, Let 9 be the universal cover of 
S, Equip 3 with the metric induced from that of S and let d be the full 
group of isometrics of 3. Then a (2r + l)-dimensional differentiable manifold 
admitting a complete metric of type (2r, 1) and constant curvature 1 (i.e., a 
Lorentz space form of constant curvature 1 in the original differential 
geometric sense) is covered by 3 with the deck-transformation group 
contained in 0’. This leaves a wider possibility for constructing these space 
forms. 
The group 0’ may be described as follows. Express Y as an orthogonal 
direct sum V = Yl @ V,, where dim Y, = 2, dim V, = 2r, Q IV,, respectively 
8 1v2r is positive, respectively negative, definite, Let i: O(Q IV,)+ O(Q) be the 
canonical inclusion where an element of O(Q IV,) is extended to Y by identity 
on V,. Let the identity component of a group be denoted by a &,) under- 
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neath. Then O,(Q I,,) is h omeomorphic to S’ and i induces a monomorphism 
i,: n,(%(Q Iv,)) --t q(WQ)). Then 6, is the covering of O,(Q) 
corresponding to i*(~,(o,(Q IV,))). It is readily seen that this does not 
depend on the choice of V,. The full group 0 has four components and 
covers the four components of O(Q). The group 0 can also be described as 
the full group of homeomorphisms of 3 which are lifts of elements of O(Q). 
A justification of these assertions may be left to the reader. 
Now consider the case r = 1. In this case we find among these space forms 
some manifolds otherwise well known in three-dimensional topology. The 
author knows the existence of these structures from 1972. The picture 
presented here is a small complement to the theme of “geometry of 3- 
manifolds” on which W. Thurston has recently announced some strong 
results. The manifolds encountered here form a subfamily of the manifolds 
known as “Seifert fiber spaces.” In a publication in collaboration with F. 
Raymond we shall describe these manifolds more precisely. Here we present 
one of the main ingredients. Finally notice that for I > 1 one gets the higher- 
dimensional geometric analogues of Seifert fiber spaces. 
THEOREM 7.1, Let <= {M, B, S’) be a principal circle bundle, where B 
is a paracompacr surface dyferent from the sphere, the projectiue plane, the 
torus and the Klein bottle. Assume moreover that fB is closed then C is nor 
the product bundle. Then M admits a complete metric of type (1, 2) and 
constant curvature I. 
Proof Let r’ be the four-dimensional real vector space with co-ordinates 
u = (x. ,v. z, w). Let Q be the nondegenerate quadratic form on b’ given by 
Let G denote the group of 2 X 2 matrices with determinant I or -1. Let 
.Z’={(&h)EGxGIdetg=dethj. 
Notice that S = S(Q) may be identified with SL,(IR) = {p = 
1; ;, 1 1 det p = 1 }. Th en .‘Z acts on V by (g, h) .p =gph-‘, where on the 
right-hand side the matrix multiplication is intended. It is obvious that .5‘ 
preserves Q, hence leaves S invariant on which it induces a group of Lorentz 
isometries. It is not difficult to see that the kernel of this action is K z Zz 
generated by (-e. -e), where e denotes the 2 X 2 identity matrix, and 
.V/K =: SO(Q), the subgroup of O(Q) consisting of transformations which are 
orientation-preserving on V or on S. The center of Y/K is [z H, generated 
by the class modulo K of (-e, e}. Note that < acts freely on S. Let G, = 
G/(center G). If g = [ ,” 2 1 is an element of G let g = [ F i ]- denote the 
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image of G in G,. Let FI = (F/K) and S, = &!$. Then YI is the group of 
orientation-preserving isometrics of S, and may be identified with 
{(g,hf))g,hEG,detg=deth}.” 
It will be convenient to write the action of elements of F, of the form (2, *), 
respectively (*, F), on the right, respectively on the left. Let K be the 
subgroup of LFI consisting of ((F, @}, where det k = 1 and k is an orthogonal 
transformation of G, Let SJK ~3. Then X may be identified with the 
upper-half plane model of two-dimensional hyperbolic geometry and S, as 




ai + b 
c d 
+-. 
ci + d (1) 
Let 9, respectively J, denote the group of orientation-preserving, respcc- 
tively orientation-preserving as well as orientation-reversing, isometrics of 
27 Then .AF may be lifted to a group of the bundle automorphism of S,, 
where S, is identified as the tangent circle bundle of ;F”. We claim that the 
lift .H’ of X is a group of Lorentz isometries of S, .I2 To show this we shall 
identify d’ as a subgroup of *YE as follows. Let e, = [ O’ y 1, Let 
Y’=((&F))f.i”,/detg=l) 
and 
Since gO normalizes K it is easy to see that A” induces a group .A”’ of 
transformations of &“. Let 56”’ be the image 9’ in A”‘. Equation (1) shows 
immediately that 9” = 9. Moreover the element (C,, FJ acts on S, by 
and induces on Z the map 
ai + b ai - b 
z=-+ 
ci + d -ci+d = 
--z 
which is an orientation-reversing isometry. Hence A”’ =A. Thus A?’ is a 
I1 The determinant is well delined on G, since det(center G) = 1. 
” I f  we take S,, by definition, as the tangent circle bundle ~$3’ and extend .Ap canonically 
to S, then it is possible to introduce a complete Lorentz metric on S, of curvature 1 and 
invariant under .fl’. However the proof of this fact is hard. It appears easier to start From S, 
and descend to .Z as we have done above. 
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lift of .&’ to S, and a small calculation shows that it is indeed the canonical 
lift when S, is considered as the tangent circle bundle. 
We now divide the proof into two cases. 
Case 1: B is noncompact or else compact but nonorientable. Since B is 
not one of the manifolds excluded in the theorem we can realize f = w,(B) as 
a subgroup of .H SD that B =&Y. By lifting we may consider r as a 
subgroup of +Y’. Then we claim that M = r\S,. Indeed if B is noncompact 
there is only one principal circle bundle on E since H’(B, Z) = 0, whereas if 
B is compact but nonorientable then there is a unique principal circle,bundle 
which is not a product bundle since H’(B, Z) z Z,, For B # Klein Bottle 
this bundie may be identified with the tangent circle bundle. This proves the 
assertion. 
Case 2: B closed and orientable. In this case H2(B, Z) z Z. So there are 
principal circle bundles t,, where n runs over L. The total spaces E(&) and 
E(c .) are diffeomorphic by a diffeomorphism which reverses the orientation 
of the fiber. Also for any positive integer k the space E(S,,) is a k-fold cyclic 
cover of E(&,J obtained by dividing E(&) by the action of the cyclic 
subgroup of order k in S’, cf. the remarks in Appendix 3. Also <, is the 
product bundle. 
Now B is a closed orientable surface of genus g > 2. Its tangent circle 
bundle is &2g. The argument in Case 1 shows that E(lt--ZR) = r\S, , where 
r is the lift of X,(B) G..X to a subgroup of .J”. If A, is the cyclic subgroup 
of order k in K z S’ then ,??(I&-~~)) = T\S,/A, which thus carries the 
Lorentz metric of the required type. Finally as remarked above J!?(&~~~,) 
and Ett,,,,-,, ) are diffeomorphic and since 2g - 2 f 0 for any nonzero 
integer k E(&) is a (2g - 2)-fold covering space of E(&(Zg-21) or E(<k(2-2R,). 
Hence E(&) admits the Lorentz metric of the required type as welt. Q.E.D. 
8. ACTIONS OF UNIPOTENT SUBGROUPS OF O(Q) 
Let V, Q. S = S(Q) be as in the Introduction, where Q is of type 
(p + I, q). The main result of this section is 
THEOREM 8.1. There does not exist a unipotent subgroup TC O(Q) 
acting proper& discontinuously on S with compact r\S. 
When dim S is even this result is immediate from Theorem 2.7 and 
Corollary 2.10. noting that x(T) = 0. The following proof is independent of 
dimension considerations. The result follows from 
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THEOREM 8.2. Let G be a connected unipotent subgroup of O(Q) acting 
properly on S. Then dim G < q - 1. 
Proof of Theorem 8.1 assuming Theorem 8.2. Let ‘V = V 0, C, ‘Q the 
canonical C-linear extension of Q to cV and “0 = O(‘Q). Consider ‘0 as C- 
rational points of an algebraic group 4. Let r be a unipotent subgroup of 
O(Q) acting properly discontinuously on S. Let ‘G be the Zariski closure of 
r in cO, It is then known that there exists an algebraic group G such that 
6, = ‘G and G, = G (say) c O(Q) so that G is unipotent and r\G is 
compact, cf. [ 341 Theorem 2.1. It follows by Corollary 1.3 that G acts 
properly on S, By Theorem 8.2, dim G = d < q - 1. Also topologically G is 
homeomorphic to Rd, so cdJ < d < p. So by Theorem 2.1, fiS cannot be 
compact. Q.E.D. 
In the next section we exhibit some families where the upper bound 
dim G = q - 1 is attained in some cases, 
Next note that a unipotent group does not contain a compact subgroup 
fe. So a unipotenf group acting properly must act freely. So Theorem 8.2 
follows from Theorem 8.3 below and the theorem of [47] stated in the 
Introduction. 
THEOREM 8.3. Let p ( q, Let G be a connected unipolenr subgroup of 
0( p $ 1, q) acting freely on SRvq. Then dim G < q - 1. 
This theorem was first proved by Nolan Wallach. We present here a stronger 
assertion {Theorem 8,5) by following part of his method (cf. Lemma 8.9 
below which he observed for d = p) but using a more elementary geometric 
argument. 
Let G be a subgroup of O(Q). We define an invariant of G which for want 
of a better name we call the Q-index of G. Let 
.Y = ( W 1 W = a G-invariant subspace of V such that W n S # 0). 
DEFINITION X.4. The Q-index of G = minjdim W 1 WE Y } - 1. 
Clearly the Q-index of any unipotent G is <q, for any (q + 1)-dimensional 
subspace of V must intersect S and by Engel’s theorem there exist invariant 
subspaces of all dimensions <dim V. Now Theorem 8.3 follows from 
THEOREM 8.5. Let G be a connected unipotenl subgroup of O(Q) acting 
freely on S. Let the Q-index of G be d. Then dim G < max(d - 1, p). 
Before proceeding to the proof we need to fix some notation. Let U be a 
subspace of V. Let 
UL= (UE VlQ+,U)=O}. 
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Let V’ = CJn UL, which is the null subspace of Q lr,. Write I/ = U” + U’. 
where U’ is some complementary subspaca to U” in W. Then Q jl!, is 
nondegeneratc Let dim @= U” and let Q IL;, have the type (u’, u’). By an 
obvious extension of the terminology we call the type of Q lc. to be 
(u’, u’, u’). An elementary fact, the proof of which we leave to the reader, is 
that 
sf the fype of Q iI, is (u”, u’, u’) then the type of Q jul is 
(UO, p + I - u” ~ ul, q - u” - u’). (X.6) 
Proof oJ Theorem 8.5. Let W = W,,, be a (d + I)-dimensional G- 
invariant subspace of V such that Wn S # 0. 
LEMMA 8.7. dim G <d. 
ProoJ Indeed let L! E JVn S. Since G acts freely on S we must have 
dim G=dimGu<dim WnS=d. Q. ED. 
Now by Engel’s theorem there is a flag 
W d+,z w*_3..* 2 w,zo, dim Wi = i. 
of G-invariant subspaces Wj, 1 < i < d -t 1. It is clear from the definition of 
the Q-index that W,n S = 0, so Q Iwd is negative semidefinite. If the type of 
Q Iwi is (4, w:, $) then clearly 
w;i=o, w;,[ = 1. M-8) 
By Lemma 8.7. dim G < d. If dim G < d - 1 there is nothing to be proved. 
So suppose that dim G = d. 
LEMMA 8.9 (Wallach). If dim G = d then w$ = L+$,+ L = d. 
ProoJ Let 2’ E W,, , f? S. It is known that Gu is closed, cf. (3, p. 7 1. 
Consider the map 4: G-+ W, given by q+(g) =gv - v. Since G acts freely on 
S we see that Q is injective and d# # 0. Since Gv is closed it is clear that 
$(G) is closed in W,. So q5 is a homeomorphism of G onto W, since 
dim G = dim W, = d. Let w f W, and t E R and set g,, = &‘(rw). Then 
1 = Q(u) = Q( glwu) = Q(v + tw) 
= Q(u) t 2rQ’(v, w) + t’Q(w). 
Since this holds for all t it follows that 
Q’(v, w) = Q(w) = 0, 
i.e., FVd & Wi+ 1. The assertion is now clear. Q.E.D. 
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Now in view of (8.6) and (8.8) we see that the type of Q lWd+, is (d, 0, 1). 
Hence the type of Q ]bd+, is (d, p - d, q - d). So p 2 d and the theorem is 
proved. Q.E.D. 
9. ACTIONS OF ABELIAN SUBGROUPS OF O(Q) 
Let V, Q, S = Sp*4 = S(Q) be as in the Introduction so that p < q. Recall 
that an element g E GL(v) is called semisimple if its minimal polynomial 
has no repeated R-irreducible factors. 
THEOREM 9.1. Let r be a subgroup of O(Q) acting properly discon- 
tinuously on S. Then r does not contain a subgroup isomorphic to U @ Z 
consisting of semisimple elements. 
ProofI Suppose that the assertion is false. Then we may take r 
isomorphic to Z @ L. Say r is generated by ( gi\, i = 1,2. Let KAN be the 
Iwasawa decomposition of O(Q). Then we can write gi = kial, i= 1,2, 
where all ki and ai, i = 1, 2, commute with each other and kis, respectively 
a,‘s, are conjugate to elements of K, respectively A. Let L be the closure of 
the subgroup generated by k, , k,. Then L is compact. Let G = LT. Then r is 
co-compact in G. So by Corollary I.3 since r acts properly on S so does G. 
It follows that the subgroup A, generated by a,, a2 (which is discrete in G) 
acts properly on S. Note that A 1 ‘Y L 0 Z, otherwise there would exist 
integers (y,, y2) # (0.0) such that ayla;* = e. But then g = gylg;* = k’;‘k;: 
would generate an infinite (and hence nondiscrete) subgroup of L. This 
subgroup would not act properly discontinuously. So A, z Z @ Z acts 
properly discontinuously. Also A, is conjugate to a subgroup of A. Exactly 
as in Theorem 5.1 we conclude that A, canot act properly discontinuously. 
This contradiction establishes the theorem. Q.E.D. 
Remark 9.2. Together with Theorem 9.1, Theorem 2.1 implies the 
following, If a subgroup r of O(p f 1, q) acts prop&j discontinuously on 
SP*“, p > 0, q > 0, then r cannot be an arithmetic subgroup of O(p + 1. q) in 
the sense of [6]. 
ProoJ Suppose, if possible, that r is an arithmetic subgroup. Let I be the 
Q-rank of r and d = (p + 1)q = the dimension of the symmetric space 
associated to O(p + 1,q). Then ncd$= d - I, cf. 19, p. 4831. So d - I< q 
implies that 12 d - q =pq and 1471 excludes the possibility p = q = 1. 
Hence 12 2. Theorem 9.1 shows that this cannot happen. Q.E.D. 
In contrast to this result we exhibit below examples of large unipotenf 
abelian subgroups acting properly on X. Their justification is based on the 
following. 
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PROPOSITION 9.3. Let G be a unipotent subgroup of GL(V). Let the Lie 
algebra of G be q. Suppose that for each A E rp, A2 = 0. Let Y be a G- 
invariant subset of V on which G acts freely. Then G acts properly on Y. 
Proof: Choose norms 1 j: (j 11 on q, V respectively. Let C be the unit 
sphere w.r.t. j j so that every A E w has the form tS, t E F?, SEC. Since 
exp: q + G is a homeomorphism every g E G can be written as expt S = 
1 f tS. Let ( v,). respectively { g, 1, be a sequence in Y, respectively in G, so 
that y,,+yO and z,,= gnyn+zO. Write g, = 1 + t,S, with S, E Z. Then 
;?I = Y, + tnsnY”* Now llYnlI7 ll~,II are bounded. Since G acts freely on Y so 
that Sy,, f 0 for all S G C and S,‘s lie in a compact set it follows that 
IIS,,JT~(/ are bounded below by a positive number. Consequently {I,,) is 
bounded so ( g,} has a limit point. Hence G acts properly on Y. Q.E.D. 
EXAMPLES 9.4. Let u(b) be the span of the p-sphere, i.e., a(p) = the 
Radon-Hurwitz number of linearly independent nowhere vanishing vector- 
fields on SP. Then there exists a unipotent subgroup C of O( p + 1, q) such 
that G z PF;ro’pJ which acts properly on Sp.q. 
Proo$ Let M,, , denote the ring of (n + 1) x (n t 1) matrices with real 
entries. Let 1= q - p ~ I and let I, denoted the (li x k)-identity matrix. 
Taking 
‘=[;+I “;‘I :{] 
we may identify O(p + 1, 9). respectively its Lie algebra o(p + 1, q), with 
{A E M,, , 1 ‘AJA =J} respectively (A E AI,+ , 1 ‘AJ + JA = 0). 
The following assertions will be left to the reader. 
is a unipotent subgroup of O(Q) with Lie aIgebra 




and G, z lR+‘(p+ ‘)I’. 
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(ii) g E G, has no fixed point on S iff A is nonsingular. 
(iii) It is well known (and easy to see) that there exists a o(p)- 
dimensional linear family .F of (p + 1) x (p + 1) skew-symmetric matrices 
such that A E.F- (0) is nonsingular. Let 
G= {gE G, 1+-3-j, cp= iYE VP1 IA&q. 
Then G is a unipotent subgroup of O(p + 1, q) with Lie algebra cp and 
G z I+‘). 
The pair (G, cp) satisfies the hypotheses of Proposition 9.3 with Y = S. So 
G acts properly on S. Q.E.D. 
EXAMPLES 9.5. Suppose q > 2p f 2. Let 
z(p, q) = maxidim 1 F = a subspace of Hom(lR4-P-1, RPt ‘) 
such that every A E F, A # 0, 
is surjective}. 
Then there exists a unipotent subgroup G z RT(P+q) of O(Q) which acts 
properly on S. 
Proof: Choose a subspace .F of Hom(iW-p-‘, Rp”) (which may be 
identified with (p + 1) X (q - p - I) matrices) so that dimY = s(p, q). 
Choose J and the presentation of O(p -t 1, q) etc. as in Examples 9.4. Let 
and 
0 A 
L---H 1 0 0 AEF 0 -*A 0 
The following assertion will be again left to the reader. G is a unipotent 
subgroup of O(p -+ 1, q) with Lie algebra rp and G z Rr(p*g), Also G acts 
freely on S and the pair (G, cp) satisfies the hypotheses of Proposition 9.3 SO 
G acts properly on S. Q.E.D. 
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APPENDIX I: SOME REMARKS ON PROPER ACTIONS 
This appendix contains (a) one relevant example, (b) a criterion for proper 
actions of a group of isometrics different from that of [25] and (c) an 
explanation of the Calabi-Marcus phenomenon mentioned in the 
Introduction. 
First, some remarks on the literature. For ] IO] a continuous map/: X-t Y 
between topological spaces is proper iff it is universally closed: i.e., for every 
topological space 2 the mapJX I, : X x Z-t Y x Z is closed. The action of 
a topological group G acting continuously on a topological space is said to 
be proper if the map (g, x) + (x, gx) from G X X into XX X is proper. It is 
easy to see that if Y is Hausdorff and f: X--f Y is proper a la Bourbaki then 
the inverse image of a compactI subset of Y is a compact subset of X; 
conversely if the inverse image of a compact subset of Y is a compact subset 
in X then f is proper h la Bourbaki provided Y is locally compact Hausdorff 
or a metric space or more generally if Y is a k-space in the sense of 
Hurewicz, i.e., a subset A of Y is closed iff A f7 C is compact for every 
compact subset C of Y. Now if G is a Hausdorff topological group acting on 
a Hausdorff topological space X such that XXX is a k-space then the G- 
action is proper B la Bourbaki iff for every compact subset C of X, i,(C) is a 
compact subset of G. The latter was the definition of properness adopted in 
Section 1. 
The following are salient features of proper actions, cf. ]lO. Chap. 3, 
Section 4; 25; 321. Let G act properly on X. Then 
(i) For every ,K E X the isotropy subgroup G, of G at x is compact. 
(ii) If X is T, (i.e., points are closed) then for each x EX the orbit 
G(x) is closed, the canonical map g-tgx of G --f G(x) is proper and the 
induced map G/G, + G(,u) is a homeomorphism. 
(iii) If X is Hausdorff then Gw is Hausdorff. In general, (i), (ii), (iii) 
do not imply properness. The examples where (i) and (ii) hold but (iii) fails 
(and hence the action is not proper) are easy to construct, cf. [32. p. 2981. 
An example where (i), (ii), (iii) hold but the action is proper is constructed 
below. It should be remarked that (i) and (ii) and a stronger form of (iii), 
namely, existence of “slices,” cf. [ 10, Theorems 1.2.9 and 2.3.31, are 
equivalent to properness of action provided G is a Lie group and X is 
completely regular. For non-Lie locally compact groups this work has been 
extended by ] 11. 
‘I Compact = Bourbaki’s quasi-compact. 
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(a) An exampld4 showing (i) + (ii) + (iii) d-properness. Let G = IR and 
Let X = X,/-J, where (x, y) - (x’, v’) iff either (x, y) = (x’, y’) or (x, y) = 
(-x’, -u’) and xy = 1. Then X is an open Mobius band. The vertical unit 
vector field on X, induces a vector field on X and hence a flow 8, which is 
defined for all t E iR and so we have an R-action on X. Then (i) and (ii) are 
visibly obvious; so is (iii) in its equivalent form: distinct G-orbits have 
disjoint G-invariant neighborhoods. By considering the behavior of the flow 
near the origin one may see that the action is not proper. However a stronger 
assertion is easily proved: only compact groups act properly on an open 
MBbius band X. Indeed let a topological group H act properly on X. Let C 
be the “middle core circle” of X. If f: X-t X is any map which induces 
isomorphism on the cohomology ring with compact supports then clearly 
f(C) f7 C # 0. In particular &(C) = H is compact. Q.E.D. 
(b) A criterion for proper actions of groups of isometries. It is known 
that a Lie group acting properly and differentiably on a differentiable 
manifold leaves a Riemannian metric invariant, cf. [ 32, Theorem 4.3.11, cf. 
” The author had a helpful conversation with B. Halpern concerning this example. 
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also (25, Chap. 11 for similar results. Conversely there have been attempts to 
get criteria for properness for groups of isometries of a metric space, cf. 
125, Chap. IV]. The following criterion appears to be new and is actuaHy 
quite handy in appIications. 
THEOREM A.I.I. Let X be a locally compact metric space with $nitelWv 
man13 components. Let G be a gi-oup of isometrics of X equipped with 
compact open topology. Then G acts properly on X iff for some s E X, (a) G, 
is compact, and (b) G(x) is closed. 
Proof. Conditions (a), (b) are certainly necessary, cf. remarks above. To 
prove the converse first recall a well-known theorem of /41]: if X is as above 
then the full group I of isometries of X is locally compact (in the compact 
open topology). A slight extension of this result, which we leave to the reader 
is that I in fact acts properly. So G acts properly iff G is a closed subgroup 
of I. Let J I --t Z(x) be the canonical map. By (b) G(x) is a closed subset of 
I(x), so G, = f -‘(G(x)) is a closed subset of I and G(x) is homeomorphic to 
G,/Z, which in turn is homeomorphic to G/G,. Again by (b) G(x) is locally 
compact, so G/G, is locally compact. Since G and G/G, are locally compact 
so is G, cf. 129, p. 52 1. Now it is well known that a locally compact 
subgroup of a topological group is closed. So G is closed in /. Q.E.D. 
(c) The Calabi-Marcus Phenomenon. We stated in the Introduction the 
theorem of Calabi and Marcus 1141: a pseudo-Riemannian space form with 
a metric of type (3, 1) has finite fundamental group. This Calabi-Marcus 
phenomenon is explained in the following result. This understanding essen- 
tially goes back to Wolf. 
THEOREM A. 1.2. Let G be a connected Lie group which acls on a space 
,Y, Let R be the radical of G, S a Leui complement of R in G and S = KA N 
the Z14qasawa decomposition. Suppose that K is compact and assume that for 
some x E X the isorropy group G, contains RA or RN. Then on/y compact 
(resp.Jnite) subgroups of G can act properly (resp. properly discontinuousl) 
on X). 
ProoJ Let H be a subgroup acting properly on X. So it acts properly on 
any H-invariant subspace, in particular on G(x). Consider the canonical 
continuous bijective H-map G/G, -+ G(x). It is easily seen if H acts properly 
on G(r) then it acts properly also on G/G,. Suppose that G, contains RA. 
Then the bundle map G/RA + G/G, is a surjective H-map. It easily follows 
from this remark that since H acts properly on G/G, it must act properly on 
G/RA. The subset C = KRA/RA is a compact subset of G/RA. Hence r,,(C) 
is compact. But since G = KRAK we have &(C) = G and so i,(C) = 
44 RAW S.KuLKARNl 
Hn c,(C) = H is compact. If moreover H is discrete then it is finite. The 
argument is similar if G, 2 RN. Q.E.D. 
In this theorem the topology of X did not enter in a significant way. On 
the other hand in certain cases the topology of X itself will preclude proper 
actions of noncompact groups, For example the previous work of the author 
1281 which dealt with infinite regular converings, clearly leads to results on 
proper actions. For instance the following may be proved: Let M”, n 2 5, be 
a connected compact manifold dlrerent from S”. Then only compact groups 
can act properly on M” - (a poinr ). 
APPENDIX 2: SOME APPLICATIONS OFTHE GAUSS-BONNET FORMULA 
(A) An Alternate Proof of Corollary 2.10 
The following is well known, cf. [40, Section 401. 
PROPOSITION A.2.1. Let r be a real vector bundle of rank n on a 
paracompact base space B. Then t admits a metric of t.ype (p, q), p + q = n 
12 s is a Whitney sum of subbundies of rank p and q. 
It follows immediately 
COROLLARY A-2.2. Let t be as above and assume that it is oriented. 
Then a necessary condition for it to carry a metric of type (p, q), p, 4 odd, 
p + q = n is that the Euler class of r vanishes. 
Remark A.2.3. Now Corollary 2.10 clearly follows from Proposition 2.8 
and Corollary A.2.2. An advantage of this proof over the previous one is 
that it applies to a smooth manifold admitting a metric of constant 
curvature 1. The completeness of metric is not needed for this proof. The 
author does not know whether this is a strict improvement, i.e., whether or 
not there exist compact manifolds admitting incomplete pseudo-Riemannian 
metrics of constant curvature 1. 
(B) Some Further Consequences 
PROPOSITION A.2.4. There do not exist four-dimensional compact 
pseudo-Riemannian space forms. 
Proof. The cases of metrics of types (1, 3) or (3, I) is taken care of by 
the above argument (without using completeness of the metric). The case of 
metric of type (2,2) is excluded by 1471. Q.E.D. 
The argument as in Part (A) :mplies 
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PROPOSITION A.25 There do not exist compact smooth manifalds M” 
admitting a smooth metric of type (p, q), p, q odd, p t q = n, so that the 
Gauss-Bonnet integrand is everywhere 20 or <O unless it is iderttical[~~O. 
One calls a manifold M equipped with a metric locally homogeneous if 
given x, y E M there exists an isometty of a neighborhood of x onto a 
neighborhood of y carrying x onto 1%. Obviously a connected smooth 
manifold which is locally homogeneous with respect to a smooth metric has 
constant Gauss-Bonnet integrand. So 
PROPOSITION A.2.6. There does not exist a compact smooth locally 
homogeneous manl$old M’ with a metric qf type (p, q). p, q odd such that the 
Gauss-Bonnet integrand is nonzero. 
The following is an amusing application of this Gauss-Bonnet philosophy 
to the existence of uniform (i.e., co-compact) lattices in Lie groups. 
PROPOSITION A.2.7. Let G be a Lie group which admits a left- (or right-) 
invariant pseudo-Riemannian metric with nonzero Gauss-Bonnet integrand. 
Then G does not admit a uniform lattice. 
ProoJ Suppose f is a uniform lattice in G. Then M = J’jG is a compact 
manifold. The condition on the Eufer integrand implies that the Euler charac- 
teristic of M is nonzero. But this is absurd since M is parallelizable. Q.E.D. 
EXAMPLES A.2.8. Let S be a semisimple Lie group with finitely many 
components such that the associated symmetric space is even dimensional. 
Let KAN be the Iwasawa decomposition of S. Then G = AN does not admit 
a uniform lattice.” 
Pruoj~ G is simply transitive on the associated symmetric space 
X = K\S. It is well known that X has an S-invariant metric with nonzero 
Gauss-Bonnet integrand if dim X is even. Identifying X with G we see that G 
has a right-invariant metric with nonzero Gauss-Bonnet integrand. Now 
apply Proposition A.2.7. Q.E.D. 
The following is a slight extension of Proposition A-2.7. Its proof is 
omitted. 
PROPOSITION A.2.9. Let G be a Lie group and Ha compaci subgroup of 
G. Assume that M” = G/H admits a G-invariant metric with nontero 
” This result is undoubtedly known and holds even when the dimension of the associated 
symmetric space is odd. We have included it here only as an amusing application of 
Gauss-Bonnet. 
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Gauss-Bonnet integrand and also a G-inuariant metric of type (p, q) with p, 
q odd, p -I- q = n. Then G does not admit a unl$orm iattice. 
APPENDIX 3: THE TOTAL SPACES OF CERTAIN CIRCLE BUNDLES AND 
THEIR COHOMOLOGY 
(A) A Consequence of the Thorn-Gysin Sequence 
Let t = (E(t), B(5), Sq ‘) b e an oriented (q - I)-sphere bundle. Write 
E(r) = M, B(c) = B. Fix a coefficient field k and let H’(*), b,(*) denoted the 
ith cohomology group with coefficients in k, and the corresponding ith Betti 
number, respectively. Let x(c) = w  be the characteristic class of < which is an 
element of H4(B). Let L denoted the map x + x U o of H*(B) into itself and 
Li the restriction L of H’(B). The Thorn-Gysin sequence, cf. [39, p. 2601, 
reads 
Hence 
b,(M) = dim coker Limq 4 dim ker Lip,+ I. (AlI 
(B) Certain Circle Bundles over Klihler Manifolds 
Now assume that B is a compact KPhler manifold of complex dimension 
I-. Let w  be the Klhler class of B. Let L denote the map x -+ x U w  of H*(B) 
into itself, where the cohomology is with coefficients in C. One defines the 
primitive cohomology by 
P’+‘(B) = ker Licl ]Hp-iCBj, i > 0, 
z 0, i C 0. 
Let p,(B) denote dim P’(B). One knows 
H’(B) = P’(B) + 0 ’ wyq, CA21 
cf. [45]. Assume now that w  is the characteristic class of an oriented S’- 
bundle 5 over B and A4 = E(r). Then 
(A3) 
as follows by (Al), (A2) and the Poincark duality. 
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We briefly describe a geometric realization of M = E(t) as above. First 
consider the special case when B is a nonsingular complex projective variety. 
Let i: B --f PN be the inclusion map. Let B be given the Klhler metric 
induced from the standard metric on PN and let o be the Klhler class of B. 
Let v be the negative of the Hopf bundle on PK. Then x(q) is the Klhler 
class of IP and hence ,y(i * q) = w. Thus M can be realized as the union of 
the fibers of the Hopf bundle over i(B). In the general case since x(T) = w  is 
of type (1, 1) we may assume that r is the associated principa1 S-bundle to 
some holomorphic line bundle Or. By the Kodaira embedding theorem cf. 
[30] there exists a sufficiently large positive integer n such that the 
holomorphic sections of n “{ give a projective embedding B wi PN. Let n{ 
denote the associated principal circle bundle to n ‘4. Then M, = E(nc) can be 
realized as above from the Hopf bundle of P”. Notice that x(nS> = n,~(<). The 
construction of M = E(e) from M, can be given as follows. Consider the 
sphere S*>‘+ ’ as half rays in C N+’ Let a ray corresponding to a point . 
(z. **a z,) # 0 of P+’ be denoted by (zO ad. zn). Let S’ = {e’“) act on SzJVi I 
by componentwise multiplication and let A be the cyclic subgroup of order n 
of S’. The map (zO ... z,)-+ (zi,..., z.:) of C**+’ induces a map ,u: 
S2'Vi I --t sZ!v+l and factors through SZN+‘/,4: 
Let i: M, + S 2Nt ’ be the canonical inclusion map. We then get the map p 0 i: 
M,,-tS ‘I’+ ‘/A. Then M is the total space of the A-bundle on M, which is the 
pullback of the bundle (SzNt I, S2Nt ‘/A, A) via p 0 i. The justification of 
these assertions may be left to the reader. 
(C) Proof of Theorem 6.5 
The relation noted there is the same as (A3) above and will follow once 
we show that the characteristic class of the bundle <= (M, B, S’) is represen- 
table in the deRham cohomology by the Klhler form of B, Let 6 be a U- 
invariant connection form of the bundle r,r = (S(Q), X, S’). Then i# O-in 
fact 6 restricted to each fiber is non-cohomologous to zero. Since the Lie 
algebra of S’ is one dimensional d# = % * 8, where W is a 2-form on 3 and 
if: S(Q) +X is the canonical projection. Evidently W is U-invaiant. Since 
the KSihler form G$ of ,P is the only U-invariant 2-form on Z up to a scalar 
multiple it follows that a = a&J, with a E IR. Then a is necessarily nonzero 
since if a = 0 then dJ= 0 and $ would pull back to a nonzero closed SU- 
invariant form on SU but it is well known that no such forms exist. So 
h07,/40/1 4 
48 RAVI S. KULKARNI 
replacing $ by (l/a@ we may take W = ti,,, The invariance of $ and tiO 
under U guarantees that there exist forms 4 on M (which is the connection 
form for {) and w0 on B (which is the Ktihler form of B) such that 
d# = ?c + oO, where nc: M -+B is the canonical projection. Moreover 
x(c) = the cohomology class defined by wO. The result follows. Q.E.D. 
(D) Possible Cohomology of Standard Space Forms with a Metric of Type 
(1,2r) 
[ 231 has shown the existence of a compact quotient B = @K 3 = the 
unit disk in C’, r torsion-free with 6,(1”) = b,(B) # 0. If M is a standard 
space form with M/S’ = B then by Theorem 6.5 it is clear that b,(M) + 0. It 
appears that this is a “generic” situation, 
We ask the other extreme: can M be a homology sphere? In view of 
Theorem 6.5, in case the coeflicients are in C, this is equivalent to the 
problem: can B be a C-homology Ip’, where P’ denotes the r-dimensional 
complex projective space? There is a well-known example of a three- 
dimensional Riemannian flat Q-homology sphere, cf. *Ye of Wolfs theorem 
3.5.5 (47). Among the three-dimensional Riemannian spherical space forms 
there is the famous Poincari 3-sphere which is a Z-homology 3-sphere. 
Presumably such examples may exist in other situations and would be rather 
distinguished because of their relatively infrequent occurrence. 
In our case there are certain three-dimensional special compact space 
forms which are L-homology spheres. These are certain Seifert fiber spaces. 
But a three-dimensional standard compact space form is a circle bundle over 
a surface of genus >2 and so is never over a Q-homology sphere. A more 
general statement is contained in the first part of the following theorem. 
To explain the second part of the theorem first recall a standard method of 
constructing compact quotients of 3 (resp. 97) = the model space of 
complex (resp. real) r-dimensional hyperbolic geometry. Let k be a totally 
real finite extension of Q, K = k(o). and o an order in k. Let Y be a 
finite-dimensional k-vector space with a nondegenerate quadratic form F and 
let ‘F be the hermitian extension of F to Vok K. Let G = SU, respectively 
L = SO, be the k-algebraic groups preserving F, respectively F. and of 
determinant 1. Then G,, respectively L,, is an arithmetic subgroup of G,, 
respectively L,. Let S denote the set of all embeddings of k in iR. For s E S 
let F” denote the induced quadratic form on VOks IF?. Now if there exists 
s0 E S such that F”O is of type (1, 2r) and for s # so, P is definite then the 
symmetric space of G,, respectively L,, can be canonically identified with 
ZY, respectively g. Moreover ‘F, is anisotropic iff G,,w, respectively L,\@ 
is compact, cf. [6, Section 8; 46, Theorem 81. The second part of the theorem 
below shows that roughly speaking this construction does not lead to C- 
homology Ip”s. 
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THEOREM A.3.1. Let B = &GT a compact strict hyperbolic space form of 
complex dimension r. 
(i) If r is odd then B is not a C-homology IT. 
(ii) If Y is even and r is taken to be a subgroup offinite index in G, as 
e.rplained above then B is not a C-homology Ip’. 
ProoJ (i) Suppose B is a C-homology Ip’. Then x(B), the Euler charac- 
teristic of B. would be r + 1. But the integrand of the Gauss-Bonnet formula 
with respect to the standard metric on B is negative. So X(B) is negative-a 
contradiction. 
(ii) We use the notation explained above. Let #=f nL,. Now the 
compactness of B ensures that ‘F is anisotropic. So F is also anisotropic. 
Hence f/G = C say. is a compact oriented real r-dimensional submanifold of 
B. It is obvious by construction that B has a canonical “conjugation” and C 
is a “real form” of B in the sense explained by the author in 1261. It is also 
proved there that if x is the cohomology class which is Poincare dual to the 
homology class defined by C then x E P(B). Also XV x( [B]) equals 
(-I)“‘x(C). But C admits a metric of constant negative curvature. So 
x(C) # 0. Hence x U x # 0 and in particular x # 0. So P’(B) # 0. Q.E.D. 
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